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THE SPIN INTERACTION OF A DIRAC PARTICLE IN AN
AHARONOV-BOHM POTENTIAL IN FIRST ORDER
SCATTERING
A.ALBEED AND M.S.SHIKAKHWA
Abstract. For a Dirac particle in an Aharonov-Bohm (AB) potential, it is
shown that the spin interaction (SI) operator which governs the transitions in
the spin sector of the first order S-matrix is related to one of the generators of
rotation in the spin space of the particle. This operator, which is given by the
projection of the spin operator Σ along the direction of the total momentum
of the system, and the two operators constructed from the projections of the
Σ operator along the momentum transfer and the z-directions close the SU(2)
algebra.It is suggested, then, that these two directions of the total momentum
and the momentum transfer form some sort of natural intrinsic directions
in terms of which the spin dynamics of the scattering process at first order
can be formulated conveniently. A formulation and an interpretation of the
conservation of helicity at first order using the spin projection operators along
these directions is presented .
1. Introduction
The perturbative treatments of the Aharonov-Bohm (AB) effect (Aharonov and Bohm ,
1959) received much interest in the literature as a result of the observation (Feinberg ,
1963; Corinaldesi and Rafeli , 1978)that perturbation theory fails when applied to
this theory: The first order scattering amplitude was found to differ from the
exact one when the latter is expanded to this order, and the second order was
shown to diverge. Many approaches were suggested in the literature to remedy
this problem for non-relativistic particles, examples of which are Hagen (1995);
Boz, Fainberg and Pak (1995); Ouvry (1994); Manuel and Tarrach (1994); Ruijsenaars
(1983); Romia and Shikakhwa (2004); Bergman and Lozano (1994); Hagen (1997);
Fainberg, Pak and Shikakhwa (1998). When the spin degree of freedom is taken
into account (Hagen , 1990), it was shown that perturbation theory works for both
non-relativistic (Romia and Shikakhwa, 2004) and relativistic particles (Vera and Schmidt ,
1990; Boz and Pak , 2000); thanks to the spin-magnetic moment interaction.
In a recent work (Shikakhwa , 2007), some algebraic properties of the interaction
Hamiltonian in first order perturbation theory of a Dirac particles in an AB poten-
tial were reported and the general structure of the transition matrix at this order
based on these algebraic properties was discussed. In this work, the spin inter-
action (SI) ( the interaction that remains after integrating out the space degrees
of freedom ) in the first order S-matrix of a Dirac particle in the AB potential is
investigated. It is shown that this SI is related to the generators of rotation in the
spin space of the particle.It is suggested that the spin dynamics at this order can
be formulated in terms of the projections of the spin operators along two directions
characteristic of the scattering process; the total momentum and the momentum
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transfer directions. Conservation of helicity at this order is formulated using these
operators.
2. Algebra of the Spin Interaction
A Dirac particle in an electromagnetic field is governed by the Hamiltonian
(~ = c = 1):
(1) H = H0 +Hint
where
(2) H0 = α · p+ βm
and
(3) Hint = eA0 − eα ·A
Here, e is the charge of the particle, αi = βγi and β = γ4. The γ’s are the Dirac
matrices: {γµ, γν} = 2gµν . The first order S-matrix element for the particle is :
(4) S
(1)
fi = −i
∫
d4x ψ¯f (x) (eγµA
µ)ψi (x).
For the AB-potential Aharonov and Bohm (1959), we have:
(5) A0 = 0,
and
(6) A =
Φ
2πρ
ǫˆϕ,
where ρ =
√
x2 + y2, ǫˆϕ is the unit vector in the ϕ-direction, and Φ is the flux
through the AB tube. The free Dirac wave functions are taken as:
(7) ψs(x) =
1
L3/2
(m
E
)1/2
u(p, s)e−ip.x
with
(8) u(p, s) =
(
E +m
2m
)1/2
ω(p, s)
Plugging the above vector potential into the matrix element , Eq.(4), carrying out
the time and space integrals (taking pi = (p, 0, 0) , pf = (p cos θ, p sin θ, 0), θ being
the scattering angle) we get the first order S-matrix element as:
(9) S
(1)
fi = −4π
2∆|N |2δ(Ef − Ei)u
†
f (pf , sf)
(
α1q2 − α2q1
q2
)
ui (pi, si) .
Here, ∆ = −eΦ/2π (in perturbative calculations 0 < ∆ < 1). |N |2 is the normal-
ization constant appearing in Eq.(7) ( times a factor of L coming from the z-integral
), and q = pf − pi is the momentum transfer. Since we will be focusing on the spin
interaction in this work, it is convenient to write the above matrix element as
(10) S
(1)
fi = −4π
2∆|N |2δ(Ef − Ei)
M (1)
q
with M (1) defined -using Dirac notation- as
(11) M (1) =< pf ; sf |
α1q2 − α2q1
q
|pi; si > .
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Noting that αi = γ5Σi, where Σi =
i
2 [γi, γj ] , (i, j = 1..3), and iγ5 =
γ1γ2γ3γ4, we define the Hermitian spin interaction operator (SI)
(12) K ≡ (
α1q2 − α2q1
q
) = γ5Σ.kˆ
with kˆ (kˆ = pf+pi|pf+pi| = (cos
θ
2 , sin
θ
2 , 0)), being a unit vector bisecting the scattering
angle θ and lying along the sum of the initial and final momenta of the particle (see
Fig.(1) below). Therefore, M (1) reads now
(13) M (1) =< pf ; sf |γ5Σ.kˆ|pi; si > .
The following algebra of the SI operator K (more precisely , of γ5K) can be easily
ˆk
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Figure 1. Scattering diagram in the xy-plane.
verified (qˆ = qq ):
[Σ.kˆ,Σ.qˆ] = 2iΣ3[
Σ3,Σ.kˆ
]
= 2iΣ.qˆ(14)
[Σ.qˆ,Σ3] = 2iΣ.kˆ,
and,
(15)
{
Σ.kˆ,Σ.qˆ
}
=
{
Σ3,Σ.kˆ
}
= {Σ.qˆ,Σ3} = 0
Moreover, one can easily verify that
(16) (Σ.kˆ)2 = (Σ.qˆ)2 = (Σ3)
2 = I.
The above algebra, which is just the SU(2) algebra says that the two operators
Σ.kˆ and Σ.qˆ along with Σ3 are the generators of rotation in the spin space of the
particle. To get a further insight into this, note first that the two unit vectors
qˆ and kˆ- which can be defined for any similar scattering process - are functions
of the scattering angle θ and are mutually orthogonal. They are the analogues
of the rˆ and φˆ polar unit vectors in the position space. Recalling that qˆ and kˆ
lie respectively, along the momentum transfer and the total momentum directions,
then it is as if the dynamics of any scattering process define some sort of intrinsic
natural coordinates for the process at first order. Therefore, the set of operators
Σ.kˆ, Σ.qˆ and Σ3 close the SU(2) algebra in any similar scattering process, and are
merely the generators of rotation expressed in terms of the ”intrinsic” coordinates.
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What is special with the AB potential, on the other hand, is the fact that the SI
operator of this potential is related (note that [γ5,Σi] = 0 , ∀i = 1...3) to one
of these generators, namely, Σ.kˆ. This fact has some consequences regarding the
spin dynamics in the transition, in particular, the conservation of helicity, as we
will show below. To start with, recall that the AB potential conserves helicity
(Vera and Schmidt , 1990), now express the conserved helicity operators and states
in terms of the operators Σ.kˆ and Σ.qˆ and their eigenstates. Indeed, the helicity
operators Σ.pˆi and Σ.pˆf of the incident and outgoing particles, respectively, can
be expanded as:
Σ.pˆi = cos
θ
2
Σ.kˆ− sin
θ
2
Σ.qˆ
Σ.pˆf = cos
θ
2
Σ.kˆ+ sin
θ
2
Σ.qˆ(17)
Note the symmetry involved in these two expressions ,which is just a reflection of
the symmetry of Fig.(2). With the above expressions at hand, it is easy now to
verify with the aid of the algebra given by Eqs.(14-16) the following relations:
KΣ.pˆiK = Σ.pˆf
KΣ.pˆfK = Σ.pˆi(18)
Recalling that the operator K is unitary in addition to being Hermitian, the above
relations say that the spin interaction operator is a unitary transformation that
relates the incident and outgoing particle’s helicity operators so that they form a
couple of unitary equivalent observables. The immediate consequence of this is the
conservation of helicity. A detailed investigation of this issue will be given in the
next section.
3. Conservation of Helicity at First Order
In any helicity-conserving theory, the conservation of the helicity in first order
scattering is manifested by the vanishing of the matrix element:
(19) 〈∓; pˆf |K|pˆi;±〉 = 0.
where |pˆi;±〉 (|pˆf ;±〉)are the eigenstates of Σ.pˆi (Σ.pˆf )with eigenvalues ±1. We
will show now that Eqs.(18) will naturally lead to the result (19). First, put Eqs.(18)
into the form
(20) Σ.pˆfKΣ.pˆi = K
then have both sides acting on the incident particle spinor to get:
(21) Σ.pˆfK|pˆi;±〉 = ±K|pˆi;±〉
The state K|pˆi;±〉 is an eigenstate of Σ.pˆf with eigenvalues ±1, i.e. SI K does not
flip the helicity of the initial state. This , in turn, guarantees that Eq.(19) holds:
Using Eq.(20) one has:
〈∓; pˆf |K|pˆi;±〉 = 〈∓, pˆf |Σ.pfKΣ.pi|pˆi;±〉
= −〈∓; pˆf |K|pˆi;±〉(22)
where we have allowed Σ.pˆi and Σ.pˆf to act on their eigenstates. Therefore,
(23) 〈∓; pˆf |K|pˆi;±〉 = 0.
The present formulation encourages one to formulate conservation of helicity in the
THE SPIN INTERACTION IN THE AHARONOV-BOHM SCATTERING 5
 q
 
ˆ fp
k
ˆ ip
Figure 2. Scattering diagram in the k − q plane.
kˆ− qˆ plane (see Fig.(2)). The symmetry in this figure suggests that conservation of
helicity implies the invariance of the components of both Σ.pˆi and Σ.pˆf along the
kˆ-axis, and the flipping of their components along the qˆ-axis. Indeed, the algebra
given by Eqs.(14-16) has the consequence
KΣ.kˆK = Σ.kˆ(24)
KΣ.qˆK = −Σ.qˆ(25)
The above result can also be read off from the expansion of the eigestates of Σ.pˆi
and Σ.pˆf in terms of the eigenstates of Σ.kˆ:
|pˆi;±〉 = (cos
θ
4
∓ sin
θ
4
Σ.qˆ)|kˆ;±〉
|pˆf ;±〉 = (cos
θ
4
± sin
θ
4
Σ.qˆ)|kˆ;±〉.(26)
The invariance of the kˆ-component is established immediately:
(27) 〈kˆ,±|pˆi,±〉 = 〈kˆ,±|pˆf ,±〉 = cos
θ
4
where we have used the result
(28) 〈kˆ,±|Σ.qˆ|kˆ,±〉 = 0
In a similar manner, if one expands using the Σ.qˆ eigenstates, the flipping of the
qˆ-component can be deduced immediately.
4. Conclusions
The effective spin interaction SI in the first order S-matrix of a Dirac particle in
an AB potential was expressed as K = γ5Σ.kˆ, where (kˆ =
pf+pi
|pf+pi|
= (cos θ2 , sin
θ
2 , 0)
is a unit vector in the scattering plane that bisects the scattering angle θ. It was
shown that the set of operators Σ.kˆ, Σ.qˆ (qˆ = qq , q = pf − pi) and Σ3 close the
SU(2) algebra. This means that Σ.kˆ and Σ.qˆ can be identified - in addition to Σ3-
as furnishing a representation of the generators of this group in the spin space of
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the particle. Noting that the vectors kˆ and qˆ lie along the total momentum and
the momentum transfer directions,respectively,then, they form some sort of natural
”intrinsic” coordinates for any similar scattering process at first order. Therefore,
it is natural to have the projections of Σ along these directions close SU(2) algebra.
The fact that the spin interaction K in the AB potential is related to one of these
generators was shown to make the transition in the AB case a unitary transfor-
mation with the helicity operators of the incident and outgoing particles forming
a couple of unitary equivalent observables. This was shown, then, to guarantee
conservation of helicity at first order as should be. Moreover, A new view of the
conservation of helicity in the first order transition was suggested by expressing the
helicity operators and eigenstates in terms of their components along the kˆ and qˆ.
It was shown, then, that conservation of helicity was manifested as the invariance
of the component of Σ along the k-axis and the flipping of its component along the
q-axis .
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